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a b s t r a c t
A subdivision of K4 is called an odd-K4 if each triangle of the K4 is subdivided to form an
odd cycle, and is called a fully odd-K4 if each of the six edges of the K4 is subdivided into a
path of odd length. A graph G is called stability critical if the deletion of any edge from G
increases the stability number. In 1993, Sewell and Trotter conjectured that in a stability
critical graph every triple of edgeswhich share a commonend is contained in a fully odd-K4.
The purpose of this note is to show that such a triple is contained in an odd-K4.
© 2009 Elsevier B.V. All rights reserved.
Let G = (V , E) be a graph. A vertex subset S of G is called a stable set or an independent set if no two vertices in S are
adjacent. The stability number of G, denoted by α(G), is the maximum size of a stable set. We call G stability critical if the
deletion of any edge from G increases the stability number. Initiated by Erdős and Gallai [4], stability critical graphs have
attracted tremendous research efforts, and the extensive study has led to a theory containing a rich variety of interesting
structural theorems, inwhich the defect δ(G) = |V |−2α(G) plays the central role. It was shown byHarary and Plummer [10]
that every stability critical graph Gwith δ(G) ≥ 1 contains an odd cycle. Berge [2] strengthened this result by showing that
every pair of adjacent edges in G is contained in a chordless odd cycle. Andrásfai [1] proved that every connected stability
critical graph G with δ(G) = 2 is a fully odd-K4, which is a subdivision of K4 such that each of the six edges of the K4 is
subdivided into a path of odd length. In 1975, Chvátal [3] established that every connected stability critical graph G with
δ(G) ≥ 2 contains a subdivision of K4; he also asked if this result can be improved by replacing a subdivision of K4 with a
fully odd-K4. In 1993, Sewell and Trotter [14] resolved this problem in the affirmative. Furthermore, they believed that the
following holds true, where a k-star is a set of k edges which share a common end for k ≥ 3.
Conjecture. In a stability critical graph every 3-star is contained in a fully odd-K4.
A subdivision of K4 is called an odd-K4 if each triangle of the K4 is subdivided to form an odd cycle. (Graphs with no
odd-K4 or those with no fully odd-K4 enjoy many nice properties, so they have been subjects of extensive research, see, for
instance, [5–9,11–13,15,16].) The purpose of this note is to establish the following statement.
Theorem. In a stability critical graph every 3-star is contained in an odd-K4.
Now a natural question is to ask: does there exist a counterpart of the above theorem for k-stars with k ≥ 4? Let us
introduce some notions and terminology before proceeding. Given a graph G = (V , E), let G[U] denote the subgraph of
G induced by U for each U ⊆ V . We call Kn (the complete graph on n vertices) a minor of G if V has disjoint subsets
V1, V2, . . . , Vn such that G[Vi] is connected for each i with 1 ≤ i ≤ n and G has at least one edge between Vi and Vj for
each pair {i, j}with 1 ≤ i < j ≤ n; the sets V1, V2, . . . , Vn are said to form a representation of Kn in G. Let A be an edge subset
of G. We say that A is contained in a Kn-minor of G if Kn has a representation V1, V2, . . . , Vn in G such that each edge in A is
between some Vi and Vj with i 6= j, but no two edges in A are between the same Vi and Vj for any pair {i, j}. Consider the
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Fig. 1. A stability critical graph with no K5-minor.
Fig. 2. A graph with no fully odd-K4 containing the edges v0v1 , v0v2 , and v0v3 .
graph G shown in Fig. 1. Clearly, G is a stability critical graph and contains no K5-minor. It follows that a 4-star in a stability
critical graph may not even be contained in a K5-minor. So the answer to the above question is in the negative.
The remainder of this note is devoted to a proof of this theorem. Throughout we assume that all subscripts k are set equal
to k− 3 whenever k = 4, 5, 6.
As usual,1 stands for the symmetric difference. Our proof is based on the following technical lemma, which can also be
viewed as a natural extension of the above theorem.
Lemma 1. Let G = (V , E) be a graph, and let v0v1, v0v2, and v0v3 be three edges of G. Suppose S1, S2, and S3 are three stable
sets in G such that
(a) v0 6∈ S1 ∪ S2 ∪ S3;
(b) vi ∈ Si − (Si+1 ∪ Si+2) for i = 1, 2, 3; and
(c) G[Si1Si+1] contains a (simple) path Pi connecting vi and vi+1 for i = 1, 2, 3.
Then G has an odd-K4 containing the edges v0v1, v0v2, and v0v3.
We remark that, first, the assertion of Lemma1 no longer holds if we replace an odd-K4 by a fully odd-K4; see, for instance,
the graph as depicted in Fig. 2; second, when S1, S2, and S3 are pairwise disjoint, the assertion has already been established
by Schrijver (see the lemma in [12]).
Let us derive a weaker form of the above lemma before presenting a proof, where a vertex is calledmixed if it is contained
in at least two of S1, S2, and S3.
Lemma 2. Let G = (V , E) be a graph with the properties as described in Lemma 1. Suppose further that
(d) V = {v0} ∪ V (P1) ∪ V (P2) ∪ V (P3) and E = {v0v1, v0v2, v0v3} ∪ E(P1) ∪ E(P2) ∪ E(P3), and
(e) for each mixed vertex x, there exists i with 1 ≤ i ≤ 3 such that x ∈ (V (Pi) ∩ V (Pi+1))− V (Pi+2) and x ∈ (Si ∩ Si+2)− Si+1.
Then G has an odd-K4 containing the edges v0v1, v0v2, and v0v3.
Proof. We prove by induction onm(G), the number of mixed vertices in G.
If m(G) = 0, then S1, S2, and S3 are pairwise disjoint. By Schrijver’s lemma [12], the desired statement holds. So we
proceed to the induction step and assume thatm(G) > 0.
Let x be a mixed vertex and let i be the subscript with the property as exhibited in (e). Without loss of generality, we
assume that i = 1; that is,
(1) x ∈ (V (P1) ∩ V (P2))− V (P3) and x ∈ (S1 ∩ S3)− S2.
By hypothesis (b), none of v1, v2, v3 is a mixed vertex. So x 6∈ {v1, v2, v3}. It follows that
(2) x is an internal vertex of each of P1 and P2, and hence 2 ≤ deg(x) ≤ 4 by (1).
Let aixbi be the section of Pi with length two for i = 1, 2, and let G′ be the graph obtained from G by adding four degree-
two vertices c1, d1, c2, d2 so that aicixdibi is a path for i = 1, 2. The construction of G′, depending on deg(x) (recall (2)), is
illustrated in Figs. 3–5:
Define S ′1 = (S1 − {x}) ∪ {c1, d1}, S ′2 = S2 ∪ {x}, and S ′3 = (S3 − {x}) ∪ {c2, d2}. Let P ′i be the path obtained from Pi by
replacing the section aixbi with aicixdibi for i = 1, 2 and set P ′3 = P3. Since {a1, b1, a2, b2} ⊆ S2, we see that P ′i is a path
connecting vi and vi+1 in G′[S ′i1S ′i+1] for i = 1, 2, 3. So hypotheses (a)–(e) are all satisfied with G′, S ′i and P ′i in the place
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Fig. 3. deg(x) = 2.
Fig. 4. deg(x) = 3.
Fig. 5. deg(x) = 4.
of G, Si and Pi, respectively, for i = 1, 2, 3. Since x is no longer a mixed vertex in G′, we have m(G′) = m(G) − 1. Thus the
induction hypothesis guarantees the existence of an odd-K4, denoted byΣ ′, containing the edges v0v1, v0v2, and v0v3 in G′.
LetΣ be the graph obtained fromΣ ′ by contracting its edges, if any, in the set {xc1, xd1, xc2, xd2}. Since c1, d1, c2, d2 are all
the neighbors of x in G′ and all have degree two in G′, it is a routine matter to check thatΣ , a subgraph of G, remains to be
an odd-K4 containing the edges v0v1, v0v2, and v0v3, completing the proof. 
Now we are ready to prove Lemma 1.
Proof of the Lemma 1. Assume the contrary: G is a counterexample with minimum |V | + |E| + |S1| + |S2| + |S3|. From this
minimality we see that
(1) V = {v0} ∪ V (P1) ∪ V (P2) ∪ V (P3) and E = {v0v1, v0v2, v0v3} ∪ E(P1) ∪ E(P2) ∪ E(P3).
Let us now make some other observations.
(2) V (P1) ∩ V (P2) ∩ V (P3) = ∅.
Otherwise, let x be a vertex in V (P1)∩V (P2)∩V (P3). Since Pi is contained in G[Si1Si+1] for each i and x ∈ V (P1), we may
assume, without loss of generality, that x ∈ S1− S2. So, using the symmetric difference, we obtain x ∈ S3− S2 for x ∈ V (P2).
This in turn implies x ∈ S3 − S1 as x ∈ V (P3), contradicting the assumption that x ∈ S1 − S2. Hence (2) holds.
(3) If x ∈ V (Pi)− (V (Pi+1) ∪ V (Pi+2)) for some iwith 1 ≤ i ≤ 3, then
x ∈ Sj − (Sj+1 ∪ Sj+2),
where j = i or i+ 1.
Renaming subscripts if necessary, we may assume that i = 1. Since P1 is contained in G[S11S2], we have x ∈ Sj − S3−j
for j = 1 or 2. If x 6∈ S3, then we are done. It remains to consider the case when x ∈ S3. Define S ′k = Sk for k = 1, 2 and
S ′3 = S3 − {x}. Since x is outside V (P2) ∪ V (P3), the hypotheses (a), (b) and (c) with S ′k in place of Sk for k = 1, 2, 3 remain
true, contradicting the assumption that G is a counterexample with minimum |V | + |E| + |S1| + |S2| + |S3| for |S ′3| < |S3|.
Hence (3) is established.
(4) If x ∈ (V (Pi) ∩ V (Pi+1))− V (Pi+2) for some iwith 1 ≤ i ≤ 3, then either
x ∈ Si+1 − (Si ∪ Si+2)
or
x ∈ (Si ∩ Si+2)− Si+1.
To justify this, note that Pj is contained in G[Sj1Sj+1] for j = i and i+ 1, using the symmetric difference, we have (4).
From (1)–(4), we deduce that
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(5) For each mixed vertex x, there exists iwith 1 ≤ i ≤ 3 such that
x ∈ (V (Pi) ∩ V (Pi+1))− V (Pi+2)
and that
x ∈ (Si ∩ Si+2)− Si+1.
Therefore, Lemma 2 guarantees the existence of an odd-K4 containing the edges v0v1, v0v2, and v0v3 in G, this contradiction
proves our lemma. 
Our main result follows instantly from Lemma 1.
Proof of the Theorem. Let G = (V , E) be a stability critical graph and let {v0v1, v0v2, v0v3} be a 3-star centered at v0. Then
G − v0vi, for i = 1, 2, 3, contains a stable set Ti such that |Ti| = α(G) + 1 and {v0, vi} ⊆ Ti. Since v0 and vi are adjacent in
G−v0vi+1 and v0 ∈ Ti+1, we have vi 6∈ Ti+1. Similarly, vi 6∈ Ti+2. Set Si = Ti−{v0}. Then |Si| = α(G) and vi ∈ Si−(Si+1∪Si+2).
Next, put Gi = G[{v0} ∪ (Si1Si+1)]. Observe that Gi contains an odd cycle Ci passing through v0, otherwise Gi would be a
bipartite graph and hence contain a stable set Ii with size at least |V (Gi)|/2 > |Si1Si+1|/2. Therefore, Ii ∪ (Si ∩ Si+1)would
be a stable set in G with size > |Si1Si+1|/2 + |Si ∩ Si+1| = α(G), a contradiction. Clearly, Ci − {v0} is a path connecting vi
and vi+1 in G[Si1Si+1]. By Lemma 1, G has an odd-K4 containing the edges v0v1, v0v2, and v0v3. This completes the proof of
our theorem. 
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